It is known to be a hard problem to compute the competition number k(G) of a graph G in general. Park and Sano [13] gave the exact values of the competition numbers of Hamming graphs H(n, q) if 1 ≤ n ≤ 3 or 1 ≤ q ≤ 2. In this paper, we give an explicit formula of the competition numbers of ternary Hamming graphs.
Introduction
The notion of a competition graph was introduced by Cohen [1] as a means of determining the smallest dimension of ecological phase space. The competition graph C(D) of a digraph D is a (simple undirected) graph which has the same vertex set as D and an edge between vertices u and v if and only if there is a vertex x in D such that (u, x) and (v, x) are arcs of D. For any graph G, G together with sufficiently many isolated vertices is the competition graph of an acyclic digraph. Roberts [15] defined the competition number k(G) of a graph G to be the smallest number k such that G together with k isolated vertices is the competition graph of an acyclic digraph. Opsut [9] showed that the computation of the competition number of a graph is an NP-hard problem (see [3] for graphs whose competition numbers are known). It has been one of important research problems in the study of competition graphs to compute the competition numbers for various graph classes (see [4] , [5] , [6] , [7] , [8] , [10] , [11] , [12] , [14] , [16] , [17] , for recent research). For some special graph families, we have explicit formulas for computing competition numbers. For example, if G is a chordal graph without isolated vertices then k(G) = 1, and if G is a nontrivial triangle-free connected graph then k(G) = |E(G)| − |V (G)| + 2 (see [15] ).
In this paper, we study the competition numbers of Hamming graphs. For a positive integer q, we denote a q-set {1, 2 . . . , q} by [q]. Also we denote the set of n-tuple over [q] by [q] n . For positive integers n and q, the Hamming graph H(n, q) is the graph which has the vertex set [q] n and in which two vertices x and y are adjacent if d H (x, y) = 1, where
Note that the diameter of the Hamming graph H(n, q) is equal to n if q ≥ 2 and that the number of edges of the Hamming graph H(n, q) is equal to 1 2 n(q − 1)q n . Park and Sano [13] gave the exact values of the competition numbers of Hamming graphs H(n, q) if 1 ≤ n ≤ 3 or 1 ≤ q ≤ 2 as follows. For n ≥ 1, H(n, 1) has no edge and so k(H(n, 1)) = 0. For n ≥ 1, H(n, 2) is a n-cube and k(H(n, 2)) = (n − 2)2 n−1 + 2. For q ≥ 2, H(1, q) is complete graph and so k(H(1, q)) = 1.
Theorem 1.1 ([13]).
For q ≥ 2, we have k(H(2, q)) = 2.
Theorem 1.2 ([13]
). For q ≥ 3, we have k(H(3, q)) = 6.
In this paper, we give the exact values of the competition numbers of ternary Hamming graphs H(n, 3). Our main result is the following:
Preliminaries
We use the following notation and terminology in this paper. For a digraph D, a sequence 
For a clique S of a graph G and an edge e of G, we say e is covered by S if both of the endpoints of e are contained in S. An edge clique cover of a graph G is a family of cliques of G such that each edge of G is covered by some clique in the family. The edge clique cover number θ E (G) of a graph G is the minimum size of an edge clique cover of G. An edge clique cover of G is called a minimum edge clique cover of G if its size is equal to θ E (G).
Let
Note that S j (p) is a clique of H(n, q) with size q. Let
Then F (n, q) is the family of maximal cliques of H(n, q). Park and Sano [13] showed the following:
Lemma 2.1 ([13] ). The following hold:
• Let n ≥ 2 and q ≥ 2, and let K be a clique of H(n, q) with size at least 2. Then there exists a unique maximal clique S of H(n, q) containing K.
• The edge clique cover number of H(n, q) is equal to nq n−1 .
• Any minimum edge clique cover of H(n, q) consists of edge disjoint maximum cliques.
• The family F (n, q) defined by (2) is a minimum edge clique cover of H(n, q). 
) The number of vertices which have no in-neighbor in
Proof. Let k be an integer such that k ≥ k(G). By the definition of the competition number of a graph, there exists an acyclic digraph satisfying (a). Suppose that any acyclic digraphs satisfying (a) does not satisfies (b). Let D be an acyclic digraph which maximizes
. By the assumption that any edge of G is contained in exactly one maximal clique of G, any clique of size at least two is contained in a unique maximal clique in
is a clique of size at least two, there exists a unique maximal clique
Let v i and v j be two vertices of S whose indices are largest in the acyclic ordering σ. Since v i and v j are adjacent in G, there is a vertex
Then the digraph D 1 is acyclic, since the index l of v l is larger than the index of any vertex in S. By the assumption that any edge of G is contained in exactly one maximal clique of G, 
Proof of Theorem 1.3
In this section, we present the proof of the main result. The following theorem gives an upper bound for the competition numbers of Hamming graphs H(n, q) where 2 ≤ q ≤ n.
Proof. We prove the theorem by induction on n. If n = 2, then n = q = 2 and the theorem trivially holds. For simplicity, for any 2 ≤ q ≤ n, let α(n, q) := (n − q)q n−1 + k(H(q, q)). Let n ≥ 3 and we assume that k(H(n − 1, q)) ≤ α(n − 1, q) holds for any q such that 2 ≤ q ≤ n − 1. Now consider a Hamming graph H(n, q) where q is an integer satisfying 2 ≤ q ≤ n. If n = q, then the theorem clearly holds. Suppose that 2 ≤ q ≤ n − 1.
n | x n = i}. Then each H (i) is isomorphic to the Hamming graph H(n − 1, q).
We denote the minimum edge clique cover of H (i) by F (i) (n − 1, q). By the induction hypothesis, it holds that k(H (i) ) = k(H(n − 1, q)) ≤ α(n − 1, q). By Corollary 2.3, there exists an acyclic digraph
where I (i) α(n−1,q) is a set of α(n − 1, q) isolated vertices. Then by (c), we may let, for each i ∈ [q],
k(H(q,q)) } be a set of k(H(q, q)) vertices which belong to I (i) Since each digraph
Note that by the definition of H (i) , the graph
n−1 }. Therefore, by lettingD * be the digraph defined by
we obtain an acyclic digraph D * such that C(D * ) = H(n, q) ∪ I k * , where
Therefore, k(H(n, q)) ≤ α(n, q). Hence, the theorem holds.
The following corollary follows from Theorem 3.1.
Corollary 3.2.
For n ≥ 3, we have k(H(n, 3)) ≤ (n − 3)3 n−1 + 6.
In the following, we show a lower bound for the competition numbers of ternary Hamming graphs H(n, 3) where n ≥ 3. Figure 1 .
Lemma 3.3. Let n ≥ 3, and let G be a subgraph of the ternary Hamming graph H(n, 3) with 10 vertices. Then the number of triangles in G is at most 6. Moreover, it is exactly equal to 6 if and only if G is isomorphic to either
Proof. We denote by t G the number of triangles in a graph G. For a vertex v in a graph G, we denote by t G (v) the number of triangles in G containing the vertex v. For any graph G, it holds that
Let G be a subgraph of H(n, 3) with 10 vertices such that t G is the maximum among all the subgraphs of H(n, 3) with 10 vertices. Since the graph H 2 drawn in Figure 1 is a subgraph of H(n, 3) with 10 vertices and 6 triangles, we have t G ≥ 6. Let v 1 , v 2 , v 3 , . . . , v 9 , v 10 be the vertices of G.
Suppose that there exists a vertex v i such that t G (v i ) ≥ 3. Then we will reach a contradiction. Without loss of generality, we may assume that t G (v 1 ) ≥ 3 and that {v 1 , v 2 , v 3 }, {v 1 , v 4 , v 5 }, {v 1 , v 6 , v 7 } are cliques which contain v 1 . Since each edge is contained exactly one triangle by Lemma 2.1, then the subgraph of H(n, 3) induced by {v 1 , v 2 , . . . , v 7 } is isomorphic to the graph H 4 drawn in Figure 2 . Since G has at least 6 triangles, there exist at least three triangles T 1 , T 2 , T 3 in G which are not in the induced subgraph H 4 . For each 1 ≤ i ≤ 3, the triangle T i has at least two vertices in {v 8 , v 9 , v 10 } since each edge of G is contained in exactly one triangle. We may assume that T 1 ⊇ {v 8 , v 9 }, T 2 ⊇ {v 8 , v 10 }, and T 3 ⊇ {v 9 , v 10 }. Then {v 8 , v 9 , v 10 } forms a triangle, which contradicts the fact that each edge of G is contained exactly one triangle. Therefore,
Since
, without loss of generality, we may assume that t G (v 10 ) ≤ 1. Let G − v 10 be the graph obtained from G by deleting v 10 . To show the "moreover" part, it is sufficient to show that G − v 10 is isomorphic to the graph H 1 ( ∼ = H(2, 3)) drawn in Figure 1 .
Note that 15 ≤
Then G − v 10 has at least 6 vertices v such that t G−v10 (v) = 2, and so G − v 10 has a triangle T 0 = {v 1 , v 2 , v 3 } such that t G−v10 (v i ) = 2 for any i = 1, 2, 3. For i = 1, 2, 3, let T i be the triangle containing v i and T i = T 0 . Then the triangles T 1 , T 2 , and T 3 are mutually vertex disjoint, and we may assume that T 1 = {v 1 , v 4 , v 5 }, T 2 = {v 2 , v 6 , v 7 }, and T 3 = {v 3 , v 8 , v 9 } (see the graph H 5 drawn in Figure 2 ). Since G − v 10 has at least 6 vertices v such that t G−v10 (v) = 2, we may assume that t G−v10 (v 4 ) = 2. Then the triangle containing v 4 in G − v 10 , which is not T 1 , are containing one of {v 6 , v 7 } and one of {v 8 , v 9 }. Without loss of generality, we may assume that {v 4 , v 6 , v 8 } is a triangle.
Since {v 1 , v 2 , v 6 , v 4 } forms a cycle of length four, without loss of generality, we may let Figure 1 . We complete the proof.
Proof. Suppose that k(H(n, 3)) ≤ (n − 3)3 n−1 + 5. Then, by Corollary 2.3, there exists an acyclic digraph D such that
. . , v (n−3)3 n−1 +5 be an acyclic ordering of D. We may assume that the vertices v 1 , v 2 , . . . , v 5 have no inneighbors in D. For 6 ≤ i ≤ 12, let F i := {N − D (x) | x ∈ {v 1 , v 2 , . . . , v i , v i+1 }} and let G i be the subgraph of H(n, 3) induced by {v 1 , v 2 , . . . , v i }. Note that F i contains i − 4 triangles whose vertices are in {v 1 , v 2 , . . . , v i } and that G i contains all the triangles in F i . Since G 10 is a subgraph of H(n, 3) with 10 vertices containing 6 triangles, by Lemma 3.3, G 10 is isomorphic to H 1 ∪ I 1 or H 2 , where H 1 and H 2 are the graphs drawn in Figure 1 . Since G 10 is a subgraph of G 11 and G 11 has 7 triangles, G 10 must be isomorphic to H 2 and G 11 must be isomorphic to H 3 in Figure 1 . Then we can observe that any subgraph of H(n, 3) with 12 vertices containing H 3 cannot have 8 triangles. However, G 12 is a subgraph of H(n, 3) with 12 vertices and 8 triangles, which is a contradiction. Hence k(H(n, 3)) ≥ (n − 3)3 n−1 + 6.
Proof of Theorem 1.3. Theorem 1.3 follows from Corollary 3.2 and Theorem 3.4.
Concluding Remarks
In this paper, we gave the exact values of the competition numbers of ternary Hamming graphs. Note that the bound given in Theorem 3.1 is tight when q = 2 or 3, that is, k(H(n, q)) = (n − q)q n−1 + k(H(q, q)) holds for n ≥ q and q ∈ {2, 3}. We left a question for a further research whether or not the bound in Theorem 3.1 is tight for any 2 ≤ q ≤ n.
